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In this note, it is shown that, for an arbitrary semi-infinite convex program, there 
exists a countable subcollection of the constraints which gives the primal program 
and whose dual gives the original dual value. 0 1985 Academic Press, Inc. 
1. IN~~D~CTI~N 
Whenever we find ourselves confronted with a semi-infinite program, it is 
reasonable to want to immediately say that, without loss of generality, we 
may assume that the number of constraints is countable. As Example 2.2 
illustrates, this reduction is not as easy as selecting a countable number of 
the constraints which gives the feasible region of the primal program. The 
problem lies with the dual value. Here we show that there always exists a 
countable subcollection of the constraints which gives an equivalent primal 
program and yields the correct dual value. We conclude by citing con- 
ditions under which every countable subcollection of the constraints, which 
gives an equivalent primal program, gives the same dual value. 
2. THE RFSULT 
Consider the semi-infinite convex program S which seeks 
A9 = inff(x) 
s.t.g,(x) < 0; ieI 
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and its formal Lagranian dual 9 which seeks 
In the above formulation, x E UP, the functions f and gi for all in Z are 
closed proper convex, the cardinality of the index set Z is infinite, 
A = { (&)i,, 1 &#O for only finitely many i} 
and 
L(x, n) =ftx) + C nigi(x)* 
icI 
It now follows directly, from the separability of UP’, and the fact that 
each closed proper convex function is the supremum of its affrne minorants, 
that there exists a countable subset I0 c Z satisfying 
{x~gi(x)~O;iEz,}={x~gi(x)<O;iEz}. (2-l) 
In other words, the program P(Z,,) which seeks 
(~‘(43)) 
&P(ZO) = inff(x) 
S.t. gin 0; icZ, 
is equivalent to 9. As the next example illustrates, different choices of I0 
satisfying (2.1) can result in different values for &!9(Z0). 
EXAMPLE 2.2. 
inf exp( -v) 
subject o (x’ + y*)i/* - x < 0 
X>Y for all y < 0. 
YGP for all p > 0. 
Let I, be those indices of Z which correspond to 
(x*+y*)l’*-x<o 
x2 -l/i; i = 2, 3, . . . 
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and let Z2 be those indices of Z which correspond to 
(x*+y*y’*-xxo 
1 
y<:; i = 2, 3,... 1 
Since (x2 + y*)l’* -x<O implies y=O and x>O, both I1 and I2 satisfy 
(2.1). However, &!.9(Z,) = 0 while .M9(Z2) = 1. The first statement follows 
from the fact that infX,Y L(x, y, 1) > --cc if and only if 1= (Al, 0, O,...). The 
second from the facts that, for 12 > 2, infX,Y L(x, j, In) = exp( - l/n), where 
A” = (0 ,... 0,1, = exp( - l/n), O...) and that &‘B(Z,) = 1. (For more on P(Z2) 
see [2, 53.) 
Note, in the above example, that &‘9(Z2) =&B. As seen in the next 
theorem, this is not an accident. 
THEOREM 2.3. Given a semi-infinite program 9 with the number of con- 
straints, Z, uncountable, there exists a countable subset I, of Z with the 
following properties: 
{xlg,(x)<O; iEZ,} = {xIg,(x)<O; iEZ} (2.1) 
JHP(Z,) = A9 (2.4) 
dz%?9(Z,) = Jd9. (2.5) 
Proof. Let I0 be a countable subset of Z satisfying (2.1) and (2.4). If 
A9 = -co, then (2.5) also holds for I0 since d9(Z0) < AS. 
Now assume that &!9 is finite and let k be a fixed positive integer. Then 
there exists a Ik feasible for 9 with inf, L(x, nk) 2 A9 -k-l. With this Ak, 
COnStrUCt a countable subset Zk of Z by adding to Zk _ I those i in r\Zk _ 1 for 
which A: # 0. Let J= UPC0 Zk. Then J is countable since each Zk is and J 
satisfies (2.1) and (2.4) since each Zk does. Lastly, A!Q(J) = A.9 since for 
k > 1, +.‘@g(Zk) > MB - k-’ by construction. 
Finally, if Jf9 = +co, repeat the above argument with k in place of 
AL@-k-l. 1 
DEFINITION. A countable subset Z, of Z is essential iff it satisfies proper- 
ties (2.1), (2.4) and (2.5). 
The conclusion of the above theorem can now be sharpened in the case 
that B satisfies a general condition which implies JXB = Jt9, for instance, 
when the feasible region of 9 is nonempty and bounded (for this condition, 
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see [4]. For other conditions, see [l, 3, 63). In this case, all subsets Z, 
satisfying (2.1) are essential. This follows directly from the fact that 
AY(Z,) = A’LB(Z,,) for all such Z,. 
In [6], this last observation is utilized to derive a general duality result 
for the finite subprograms of S associated with each IO. 
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